Thermocapillary motion of a drop in a uniform temperature gradient is investigated numerically. The three-dimensional incompressible Navier-Stokes and energy equations are solved by the ÿnite-element method. The front tracking technique is employed to describe the drop interface. To simplify the calculation, the drop shape is assumed to be a sphere. It has been veriÿed that the assumption is reasonable under the microgravity environment. Some calculations have been performed to deal with the thermocapillary motion for the drops of di erent sizes. It has been veriÿed that the calculated results are in good agreement with available experimental and numerical results.
Introduction
The motion of drops and bubbles in a uid medium, in which a temperature gradient is imposed, is of fundamental importance in the processing of materials in the reduced gravity environment and other applications. The motion of liquid drops and gas bubbles driven by the temperature gradient is called thermocapillary migration or Marangoni migration. Since the pioneering work of Young et al. [1] , who derived the mathematical formula for the migration velocity of a spherical drop in a constant temperature gradient at small Reynolds and Peclet numbers by omitting the inertia force and convective energy transport, some succeeding work in this ÿeld has been performed experimentally, theoretically and numerically [2] [3] [4] [5] [6] [7] [8] [9] [10] .
The drop Marangoni migration process in the ground-based experiments is usually coupled with the drop buoyant migration, and the pure Marangoni migration process can only be performed in the microgravity environment. It has been found that the experimental results of the drop Marangoni migration agree well with the YGB model only for very small diameter drops, e.g., the drop diameter of 11 ± 1:5 m [2] . However, the migration velocities for the large diameter drops, e.g., 0.69 -2:38 mm [3] , proved to be smaller than those predicted by the YGB model. Recently, Xie et al. [4] also performed an experimental study of a drop Marangoni migration at intermediate Reynolds numbers in the microgravity environment. They found that the drop Marangoni migration velocity depends on the temperature gradient and the drop diameter, and is obviously smaller than that calculated by the YGB linear model. More experiments, in which the migration velocity of drop is a ected by both gravity and thermocapillary e ects, have been performed on the ground. It was found that Marangoni and gravity e ects could be expressed separately rather than being coupled with each other, so far as both the size of the drop and temperature gradient were small [5, 6] .
Theoretical analyses have been taken to investigate the problem of steady migration of a drop in a medium subjected to a temperature gradient. In the limiting case of a gas bubble, which was analyzed by Balasubramaniam et al. [7] , the thermal conductivity of the gas in the bubble is considered to be negligible. Subramanian [8, 9] investigated the motion of a gas bubble, taking the e ect of convective transport of energy as a small perturbation, and extended the analysis to the case of a uid drop, which accounted for the transport process in both phases. Recently Balasubramaniam et al. [10] furthered their theoretical work to the migration of a drop in a uniform temperature gradient at large Marangoni numbers.
Some numerical simulations for the migration of drops and bubbles have also been performed. Szymczyk et al. [11, 12] calculated the steady migration of a gas bubble, but only solved the exterior ow outside the gas bubble. Balasubramaniam et al. [13] performed numerical simulation for higher Reynolds number and found that the migration velocity was mainly in uenced by the Marangoni number rather than the Reynolds number. Interestingly, Geng et al. [14] investigated numerically the asymmetric drop Marangoni migration at larger Reynolds numbers and found that the trajectory of the drop oscillated periodically due to the vortex shedding in the near wake. Comprehensive numerical simulations of the thermocapillary motion of deformable drop have been taken by Haj-Hariri et al. [15, 16] and Nas [17] . Haj-Hariri et al. [16] calculated the three-dimensional thermocapillary motion of deformable drops at ÿnite Reynolds and Marangoni numbers. Nas [17] performed two-and three-dimensional calculations for both single drop and multiple drops. Some qualitative di erences between the results of Haj-Hariri et al. [16] and Nas [17] were indicated by Ma et al. [18] in their axisymmetric drop migration calculations.
In this paper, thermocapillary migration of a drop in a uniform temperature gradient under microgravity environment has been investigated numerically. The three-dimensional incompressible Naiver-Stokes equations and the energy equation are solved by use of a Galerkin ÿnite-element method [19] . To deal with the drop interface, the front tracking technique [20, 21] is employed to smooth the discontinuity at the interface into a continuous distribution within a few meshes. To authors knowledge, it is the ÿrst time to employ the ÿnite-element method combined with the front tracking technique to deal with the thermocapillary migration of a drop in a temperature gradient. In the present study, we developed a reasonable and e cient code to calculate the thermocapillary migration of a drop driven by the temperature gradient. Some typical cases, investigated experimentally by Xie et al. [4] and Hahnel et al. [5] , are calculated and compared with those experimental results, which conÿrms the reliability of the present approach.
Governing equations
Three-dimensional incompressible Navier-Stokes and energy equations are used to investigate the thermocapillary motion of a drop in a uniform temperature gradient, which read ∇ ·ũ = 0;
(1)
where (=constant), p and T are the density, pressure and temperature, respectively,ũ represents the velocity vector, and Ä denote, respectively, the kinematic viscosity and thermo-di usivity.
In this paper, we use the subscripts 1 and 2 to represent the uids external and internal to the drop interface, respectively. A reference velocity for the motion of the drop is usually adopted as
where denotes the surface tension, 2 is the dynamic viscosity of the uid inside the drop, and a represents the radius of the drop. By using the velocity U , the drop radius a, T = |∇T ∞ |a, 2 , 2 and Ä 2 as reference quantities to non-dimensionalize equations (1)- (3), the non-dimensional equations are given as
where Re represents the Reynolds number deÿned as Re=Ua= 2 , Ma denotes the Marangoni number deÿned as Ma = Re Pr = Ua=Ä 2 . For convenience, the symbols u, , p, T , and Ä in Eqs. (5)- (7) are still used as the corresponding non-dimensional ones.
The initial conditions in a laboratory reference frame (as shown in Fig. 1 ) are given as u| t=0 = v| t=0 = w| t=0 = 0; (8)
where u; v; w represent the velocity components in x; y; z directions, respectively, and T 0 is a reference temperature (here, taken to be the temperature at the center of drop at the initial time, i.e., x = y = z = 0, t = 0), which is set to zero in the present calculation.
In this calculation, we assume that the drop keeps its spherical shape all the way during the thermocapillary motion. As is well known that this assumption works perfectly in the microgravity environment and enables the calculation to be much simpliÿed. In order to be compatible with this assumption, we impose the boundary conditions at the interface as where ∇ S is the gradient of surface tension, which is a vector tangential to the interface. The boundary condition for the normal stress on the interface is dropped here so as to meet the requirement of the no deformation assumption of spherical drop. Here, to meet the physical meaning clear, all quantities in the expressions of boundary condition at interface (10) are rewritten in the dimensional form and k is the thermo-conductivity. The boundary conditions at inÿnity arẽ
Numerical method
In the present calculation, the ÿnite-element method is used to discretize the spatial derivatives in Eqs. (5)- (7). The velocity correction method is employed for the time advancing. The front-tracking technique [20, 21] has been applied for the treatment of interface between uid 1 and 2 in combination with the assumption of spherical conÿguration for the liquid drop. The advantages of this approach lie in that the computational grid system can be generated once for all by using the instantaneous inertial frame of reference and the ow ÿeld both external and internal to the spherical drop can be calculated by solving the uniÿed governing equations without interface boundary. The so-called "instantaneous inertial frame" is a frame ÿxed to the undisturbed ÿeld at inÿnity, but change its location with time such that its origin is always located at the center of the moving drop. To perform the calculation in the instantaneous inertial frame, the time derivatives in the Naiver-Stokes equations should be calculated in such a way that
where (@=@t) g is the time di erentiation at a ÿxed grid point andṼ b is the velocity of the moving drop as a whole.
In the front-tracking calculation, the interface is replaced by a transitional narrow zone, whose thickness is of the same order of magnitude as that of the mesh size. Across this narrow zone, the quantities vary smoothly by using the smooth approach suggested by Unverdi and Tryggvason [20] . In the present study, we simply use the following expressions to smooth the discontinuities at the interface. For example, the density and kinematic viscosity may be expressed by continuous functions like
Here, we set a spherical transitional zone of ÿnite thickness at the instantaneous location of the drop interface, with the interface at the mid-way of the spherical zone. s (− =2 6 s 6 =2) is the radial displacement from the mid-way of the spherical zone. At the same time, the surface tension exerting of the interface is equivalently replaced by a volume force,f v , distributed continuously in the transitional zone [20] . To solve Eqs. (5)- (7), the velocity correction method proposed by Kovacs et al. [19] is used. Note that a volume force,f v , used to model the surface tension exerting on the interface based on the above analysis, must be added to the right-hand side of Eq. (6) . Then the computational loop in the present study is described as follows:
Step 1: Calculation of the 'intermediate-velocity' ÿeld by using the explicit ÿrst-order Euler scheme for Eq. (6)ũ
Step 2: Solving the pressure Poisson equation in the form of
to meet the constraint of incompressible ow.
Step 3: Correction of the 'intermediate-velocity' ÿeld by adding the pressure terms missing in Eq. (14) to˜ũ,
Step 4: Calculation of the temperature ÿeld by the time-advancing scheme for Eq. (7)
where the superscript n indicates the number of the time-step, and t is the time-step increment.
The ÿnite-element discretization of Eqs. (14)- (17) is taken using the Galerkin weighted residual method via the following expansions in the piecewise polynomial basis functions:
where N represents the node number for the velocity and pressure. The weak solution form of Eqs. (14)- (17) permits ' i to be discontinuous in the ÿrst derivative and employs natural boundary conditions. Thus, ' i (x; y; z) is chosen to be a C 0 piecewise bilinear basis function deÿned in the isoparametric rectangular elements. Substituting (18) into the weak solution form of (14)- (17), we can reach the discretized system of equations to be numerically solved. The details were described in our previous work for the viscous ow past a rigid sphere [22] .
Results and discussion
Thermocapillary migration of drop in an unbounded immiscible liquid due to the presence of a temperature gradient in the z direction under microgravity environment, as shown schematically in Fig. 1 , has been investigated numerically by using the ÿnite-element method coupled with front-tracking technique. In this study, the grid number is 80 × 80 × 160 in the x, y, and z directions (see Fig. 1 ), respectively, and the time step is 0.0002. Stretched transformations in the three directions are imposed to increase the grid resolution near the interface. A sketch of the grid generation is shown in Fig. 2 .
Some results with di erent grid numbers and time steps are given below to show that our calculated results are independent of the grid number and time step. In one of our work [22] , quantitative comparison has been performed to validate the present code. In addition, some typical cases which have been studied experimentally are calculated in the present calculation, and the physical parameters of the liquids used are the same as those in the experiments [4, 5] . As an [5] . Several drop sizes are listed in Table 2 . Then the reference velocity in Eq. (4) can be determined based on the physical parameters of liquid, the temperature gradient and the drop size. Some comparisons between the calculated and experimental results to verify quantitatively the present calculation are taken as follows.
To depict the thermocapillary migration of the drop, the variations of the migration velocity with time for di erent drop diameters are shown in Fig. 3 , where the velocity and time have been transformed to the dimensional values for comparing with experimental data [4] . At the beginning, the drop is accelerated from rest. Then the migration velocity approaches asymptotically to a constant value and the drop motion tends to a steady state. This behavior is consistent with the experimental observation [4] . It can be seen that the drop diameter is bigger, the migration velocity is larger. To examine the e ect of the grid number and time step on the calculated results, the results calculated by the grid number 160×160×320 and the time step 0.0001 (Condition-2) are also shown in Fig. 3 .
The curves of migration velocity versus time, corresponding to the cases investigated experimentally by Hahnel et al. [5] , are shown in Fig. 4 , where the temperature gradient is smaller than that used in [4] and the sizes of drop are greater than those in [4] . The variations of the migration velocity (asymptotic value) with the drop diameter are given in Figs. 5 and 6. It can be seen that as the drop diameter increases, corresponding to increasing the Reynolds and Marangoni numbers, the migration velocity increases too. The experimental data [4, 5] are also plotted in Figs. 5 and 6 to examine the present calculations. It is found that our calculated results are in good agreement with the experimental data. In addition, the comparisons between the present results and experimental values [4, 5] conÿrm that the assumption of the spherical drop shape under microgravity environment is reasonable. The asymptotic velocity of drop migration calculated by Geng et al. [14] using the two-dimensional ow equations is also plotted in 5 , which proves to be much larger than that of the spherical drops at the same size. This phenomenon can be explained as follows. Under the asymptotic steady ow state, the thermocapillary force caused by the surface tension in a temperature gradient is balanced by the viscous drag force. We can estimate the viscous drag force approximately by the Stokes formulae, which are D = 6 Ru and D = 1:5 Ru for the sphere and circular cylinder, respectively [23] , here R representing the radius of the sphere and cylinder. This means that the resistance of the drop migration due to the uid viscosity is much smaller for the circular cylinder of unit length than that for the sphere of the same size. On the other hand, the Marangoni driving force exerting on the sphere can be estimated to be only slightly greater than that exerting on a cylinder of equal size. So, to balance the surface tension, the cylinder must move at a larger speed than that for a sphere of the same size. The curve of migration velocity predicted by the YGB linear model is also plotted in Figs. 5 and 6, which is even higher than those obtained by the calculations of Geng et al. [14] . Such discrepancy has been found in the previous work [3] [4] [5] [6] [14] [15] [16] [17] [18] . To quantitatively compare the calculated results and experimental data [4, 5] , the values of the migration velocity are listed in Table 2 for di erent drop diameters.
Although our calculation is a fully three-dimensional one, the calculated results prove to be axially symmetrical. So, we can express the ow ÿeld by the ow patterns in any meridian plane. The isotherms in the x − z plane are shown in Fig. 7 for the three di erent drop diameters. The isotherms drawn in the ÿgure are all equally spaced with dimensionless temperature increment of 0.2. Within the drop, the uid near the front part of the drop is cooled by the heat convection. From the patterns for di erent drop diameters, it is found that the enhanced convection of heat with the increase of drop diameter results in the wrapping of the isotherms around the front of the drop. The surface temperature distributions are shown in Fig. 8 . To enable the comparison between the temperature distributions for di erent drop diameters, the surface temperature shown in Fig. 8 are adjusted such that a zero value is set to the aft stagnation point of the drop. The surface temperature distributions indicate the decrease in the front part of the drop with increasing the drop diameter or increasing the Reynolds and Marangoni numbers. This behavior is consistent with the experimental and previous computational results [5, 16, 18] .
The streamlines in the x − z meridian plane, corresponding to the cases shown in Fig. 7 , are illustrated in Fig. 9 . Note that the drop diameters shown in Fig. 9 and in the following ÿgures have been normalized to be of unit radius. Relative to the moving drop, the ow pattern within the drop exhibits recirculation bubble that is similar to the Hill's spherical vortex. Combining Figs. 9 and 7, we can see that the isotherms and the streamlines depict the thermal and uid motion structures within and outside the drop, which is in good agreement with the calculated results of Haj-Hariri et al. [16] and Ma et al. [18] . The streamline patterns in an inertial laboratory reference frame are shown in Fig. 10 . It is illustrated that those streamline patterns in Figs. 9 and 10 are very similar for di erent drop diameters, although obvious di erence in isotherm pattern appears in Fig. 7 . The corresponding velocity vectors in both the reference frame moving with the drop 
Concluding remarks
Thermocapillary migration of a drop in a temperature gradient has been investigated numerically. The three-dimensional incompressible Naiver-Stokes equations and the energy equation are solved by use of a Galerkin ÿnite-element method. The front tracking technique is employed to simulate the interface discontinuity. To simplify the present calculation, it is assumed that the drop keeps its spherical shape when the drop moves toward the high temperature region. This assumption is reasonable under the microgravity environment. Some typical cases, which have been investigated experimentally, are calculated using the present method. The calculated results are in good agreement with the experimental data, and demonstrate that the present method and code are capable of predicting the drop migration in a temperature gradient under the microgravity environment. From the comparison between the present results and that calculated by Geng et al. [14] using the two-dimensional ow equations, we can see that the two-dimensional ow assumption leads to the over-estimate of migration velocity signiÿcantly. This method can be extended to treat the three-dimensional ow with drop deformation, which is currently in the course of processing. Trans-Century Outstanding Young of National Ministry of Education (MOE).
